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Abstract

The thermocapillary or buoyancy-driven flow induced by a hot wire placed beneath the free surface of an horizontal
liquid layer is determined. The temperature distribution induced by the wire is obtained in a conductive state by the
method of images. The upper surface is assumed adiabatic, whereas the lower surface is taken either conductive or
adiabatic. Then, the flow driven by the horizontal thermal gradient and the associated deformation of the free surface
are determined, considering the action of either thermocapillary or buoyancy effects. In the latter case, a simplified
expression of the temperature distribution is used in order to obtain analytical results. Depending on whether ther-
mocapillary or buoyancy effects are considered, the deflection of the free surface above the wire is found to be either
concave or convex. © 1998 Elsevier Science Ltd. All rights reserved.

Nomenclature p pressure perturbation

a height of the fluid layer above which the horizontal
temperature distribution is approximated by @g

A aspect ratio, 4 = d/L

b distance between the wire and the bottom boundary
in non dimensional unit

by distance between the wire and the bottom boundary:
by = bd

Bo Bond number

Ca capillary number

d thickness of the plane horizontal fluid layer

dy distance between the wire and the top free surface
F, G piecewise-linear profiles of temperature, functions
of the y variable: F(y), G(y)

F\, G, integrals of F(y) and G(y)

g gravity acceleration

h  height of the deformed free surface in non dimen-
sional unit

H height of the deformed free surface, function of the
x variable: H(x) = h(x)d

L horizontal extent of the fluid layer

Ly length of the wire

Ma Marangoni number
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P pressure

P, atmospheric pressure

Py electrical power

Pr Prandtl number

QO strength of the heat source

rdistance from the hot wire

r. radius of the wire

r; distance from a sink of heat image of the wire

Ra Rayleigh number

Re Reynolds number

t time

T temperature

T, bottom boundary temperature

T. surface temperature of the wire

T; temperature distribution due to a heat source of
strength Q

T; temperature distribution due to a sink of heat of
strength —Q

T, temperature distribution due to a source and a sink
of heat symmetrical with respect of a plane conducting
boundary, T, = T;+ T;

T, temperature distribution due to a source and a sink
of heat located at y = 2+5

Ty temperature of the lateral walls

u horizontal component of the velocity

Us characteristic value of the horizontal velocity
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v vertical component of the velocity

Vs characteristic value of the vertical velocity

W ratio of Rayleigh number to Marangoni number
x horizontal coordinate

y vertical coordinate

z complex number, z = x+iy.

Greek symbols

o thermal expansion coefficient

y derivative of surface tension with respect to tem-
perature

n dynamical viscosity

0 complex temperature

®g surface temperature distribution

®y horizontal temperature distribution at the wire level
x  thermal diffusivity

4 coefficient in the relationship between Og and Oy,

u coefficient in the relationship between / and g

1, Mo coefficients in the expression of the flux con-
servation condition

v kinematic viscosity

p fluid density

o surface tension

y  thermal conductivity

Y streamfunction.

1. Introduction

Flows induced by localized heat sources arise in many
technological applications and several configurations
have already been studied both experimentally and theor-
etically. In this contribution, we are interested in flows
occurring in horizontal liquid layers and driven either by
surface tension effects acting on the upper free surface
of the fluid layer or by buoyancy effects. In our case,
temperature variations are ensured by the presence of a
hot wire underneath the free surface. We are primarily
concerned with the determination of the temperature dis-
tribution in the fluid induced by the wire, the associated
flow and the deformation of the free surface above the
wire. Our analysis is motivated by recent experimental
results obtained when the liquid is placed in rectangular
vessels and heated by an electric wire parallel to either the
short sides or the long sides of the rectangular horizontal
cross-section. We shall refer to a first set of experiments
[1, 2] designed to study temporal chaos and where the
wire has a short extent. Another experimental team [3, 4]
has used a long wire and it was shown that the primary
flow undergoes a transition towards unstable modes
which were identified as traveling waves propagating
along the wire. According to the distance between the
wire and the free surface, the spatial properties of these
waves vary. When the wire is located at a small distance
from the surface, there are two waves traveling in
opposite directions while for larger immersion lengths

and near the threshold of instability there is a unique
wave traveling from one side to the opposite of the con-
tainer.

Before understanding the instability mechanism, we
shall first focus on the nature of the primary flow. Flows
induced by a linear source of heat have received attention
in the past mainly when the motion is allowed to develop
in infinite or semi-infinite medium. This has led to the
theory of plumes where progress in the knowledge of
these systems resulted from similarity analyses [5]. Much
less is known when the flow is confined between hori-
zontal boundaries where former results obtained in this
geometry considered a source of heat external to the fluid.
The analysis of Pimputkar and Ostrach [6] for transient
thermocapillary flow is based on a thin liquid layer
approximation. Numerical results were obtained by these
authors for a fixed Gaussian surface temperature dis-
tribution. Later on, Hitt and Smith [7] emphasize on the
constant change in the free-surface temperature as the
height of liquid thins and they have included this coupling
when considering radiation-driven thermocapillary
flows, the radiative heating being induced by an external
infinite cylindrical heater located above the free surface.
Despite some similarities with the thermocapillary flows
considered in Refs 6 and 7, our motivations are different
and in particular we are not concerned with strong inter-
facial deformations that can lead to the breaking of the
liquid layers as allowed in Refs 6 and 7. In our model,
the deformations are small enough for the hot wire to
always be submerged in the liquid. Moreover, one cannot
exclude that under the experimental conditions reported
in Refs 3 and 4, the flow is driven by buoyancy as well as
by thermocapillarity since the height of fluid above the
wire can be varied, ranging from 1-4 mm, while the height
of fluid below the wire is fixed and equal to 10 mm. The
particular configuration corresponding to heating from
a line source of heat located on the bottom plate was
never reached in Refs 3 and 4, contrary to what happens
in other experiments [8, 9] specially devoted to this
geometry. In these latter cases the flow is constituted of
an ascending buoyant plume which is deflected hori-
zontally by the free surface and the interfacial defor-
mations result in a straight bump above the heat source.
On the contrary, when thermocapillary effects are domi-
nant, the fluid is drawn away from the hot regions which
result in a depression of the interface in these regions.

2. Formulation

Consider an infinite horizontal liquid layer, that is
initially at the uniform thickness d. The fluid is bounded
below by a rigid, isothermal plate maintained at tem-
perature 7, and above by a thermally insulated free
surface. It is assumed that the physical properties of the
fluid such as kinematic viscosity v, thermal conductivity
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x and diffusivity x are constant and until Section 5 the
density p is also assumed constant. The liquid free surface
has a surface tension ¢ whose variations are due to a
linear dependence on temperature

o=0y—y(T—T,)

where y = —do/dT is positive and g, is a reference value.
The liquid is subjected to Joule heating from an electric
wire immersed horizontally in the fluid at a height,
by = bd (0 < b < 1), from the bottom plate as shown in
Fig. 1. If the radius of the wire is assumed small compared
to the height b, it can be imagined that the temperature
and heat flow around it are produced by a line source of
heat of strength Q, located on the centre of the wire,
creating at a distance r a thermal gradient
(0T/or) = —(Q/2myr). Assuming an infinite extent of the
wire along the direction perpendicular to the (Ox, Oy)
plane, it is expected that temperature gradients will give
rise to a two-dimensional fluid motion in the (Ox, Oy)
plane, governed by the equations

ou+0,0=0 (1a)

1
Ou+udu+vo,u= — ;OXP-F V(O i+ 0, 1) (1b)

1
ov+udv+vdy=——3,P+v(@. v+ 0d,v)—g (Ic)
P )

0T+uo,T+v0,T = x(0,,T+ 0,,T) (1d)

where u and v are the velocity components in x and y,
and P is the pressure. The boundary conditions are on
the bottom plate

u=v=0, T=0 aty=0
and on the slightly deformed free surface assumed at rest
v=ud.H 2yov—P=00,H-P,
nou= —y0,T 0,T=0,To.H
H(x) >d whenx— + o0

}aty = H(x),

air

liquid hot wire ¢

with n = vp, being the dynamical viscosity and P, the
atmospheric pressure.

The temperatures being scaled with Q/2ny and the
lengths with d, it comes from the balance of tangential
stress that the characteristic value of the velocity in our
problem is

- _7 @
ton2my’

Thus, in non dimensional form, equation (1d) can be
rewritten

Ma(©0,T4+ud,T+v0o,T) =0,T+0,T
with the Marangoni number defined as
U.d

Ma = .
K

The fluid used in the experiments that have motivated
this study is a silicon oil having a Prandtl number
Pr = 135, the numerical values of its physical properties
can be found in Ref. 2. In the experiments reported in
Ref. 3 the length of the wire is L,, = 60 cm and the control
parameter is the electrical power Pg, which is related to
Q by Pg = QLy. Thus, an estimation of the experimental
Marangoni number leads to Ma™ = 100Pgd where Py, is
expressed in Watts and d, the distance is expressed in
millimeter. The value of Pg never exceeds 12 W to avoid
deformation of the wire and boiling of the silicon oil. It
appears that the experimental results are not very sen-
sitive to the total height of fluid d, but rather strongly
depend on the distance between the wire and the free
surface that ranges from dy = 0.8—4 mm. When ther-
mocapillary effects are dominant, that is for dy, < 2 mm,
it has been shown in Ref. 3 that the primary flow remains
stable for values of Prdy <4 W mm. Thus, at the
threshold of instability the convective terms in equation
(1d) cannot be neglected, and once the threshold is

H(x) , d

y

Fig. 1. Geometry of the problem.
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exceeded they become more and more important so that
the diffusive terms can be neglected and the temperature
ultimately evolves through the advection equation

0, T+ud, T+vd,T = 0.

This assumption, together with a low value of the
Reynolds number, has been used recently to derive a two-
dimensional model for thermal or solutal Marangoni
convection [10]. According to this approach, the velocity
field is derived from the Stokes equation and only
depends on the initial surface temperature distribution
that is supposed to be known. Different temperature
fields have been considered, the simpler cases being rep-
resented by Dirac or trigonometric function. In the pre-
sent case, the temperature distribution due to the hot
wire is not known and has first to be determined. This will
be done assuming the fluid is at rest with the temperature
variations in both the x and the y directions satisfying
the conduction equation

0. T+ 0,,T=0.

This approach that consists in determining the tem-
perature distribution in the conductive regime and then
the flow induced by thermal gradients has already been
used by Yu and Nansteel [11] who addressed the problem
of buoyancy-induced Stokes flow in a sectorial region.

In the next section, after assuming a plane interface at
y =d, we shall determine the temperature distribution
due to the hot wire as if the fluid was at rest. Then,
in Section 4 we shall deduce the velocity field and the
interfacial deformations when only thermocapillary
effects are taken into account. In Section 5, we will show
how the present formulation must be modified to describe
the flow driven by buoyancy effects. Finally, the coupling
of buoyancy and thermocapillarity will be considered in
Section 6.

3. Temperature distribution

Let us first recall that if a wire of radius r, is embedded
in an infinite medium, the temperature distribution at a
distance, r, from the centre of the wire would be [12]
=72’ )

2y r.
where Q is the Joulean heat released per unit length of
the wire, and T is the wire surface temperature. The next
step in view of obtaining the temperature distribution
created by a line source of heat embedded in a medium
confined between two horizontal boundaries, is to con-
sider a semi-infinite medium bounded at y =0 by an
isothermal surface maintained at the temperature T,. The
wire being located at y = b,,, the problem is solved by the
method of images which consists in supposing an image
of the wire to exist, symmetrical to the plane y = 0. The

image located at y = — by, is a sink of heat, of strength
— Q and of surface temperature — 7.

Corresponding to equation (2), the temperature dis-
tribution produced by the sink at a distance, r;, from its
centre is

i
T, = —Td—&ln—. 3)
2y 1.
The temperature distribution at a point of coordinates
(x,y) is the superposition of the two contributions (2)
and (3)
0

7
T=T+T, =~ In" 4
f+ i 27'[an ()

where
P =X (=b)? and 1P = x4 (r+b)

are now non dimensional variables, the lengths being
scaled with d. Substitution of the above expressions into
equation (4) yields

2 2
r=7,- 2 TUTH (5)

AL X (r—0)
where T represents the excess temperature over the fixed
bottom temperature 7.

The formula (5) is no longer true when a thermally
insulated top boundary is present in the system at y = 1.
To satisfy the prescribed top boundary condition
0T/0y = 0, one can once again apply the method of
images and consider images, symmetrical to the plane
y =1, of the source at y = b and of the sink at y = —b.
Their images are respectively a source of heat located at
y=2—b and a sink at y = 2+ 5. Taking into account
this couple of source and sink leads to a new contribution
for the temperature

0 X ru2h)
e x4 (y—2+b)F

Superposition of the formulas (5) and (6) yields an
expression for the temperature distribution

T=T,+T,

(6)

2

which allows satisfaction of 07/dy = 0, at y = 1, but not
T =0 at y = 0. Therefore, to satisfy simultaneously the
thermal boundary conditions on the top and bottom
plates it is necessary to introduce an infinite number of
sources and sinks which are distributed by doing alter-
nately an antisymmetry with respect to the plane y =0,
and a symmetry with respect to the plane y = 1. This
gives rise to an infinite row of sources and sinks located,
respectively, at

y=b, +2—b, +d+b,...,+2n+(—1)b,...

for the sources of strength Q
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and

y=—b, +2+b, +4—b,... . +2n—(—1)D,...
for the sinks of strength — Q.

To derive the temperature distribution due to this infinite
row of sources and sinks it is convenient to introduce the
complex variable z=x+iy and the function
0(z) = T+iT.

Expression (5) for T is recovered by taking the real
part of

Y

06) = = 5.

[In(z— ib) — In(z+ib)]. 7

Generalization to the infinite row of sources and sinks
we are considering, yields

Q2 i In{z—i[+2n+(—1)"]}

06 = - 2wy,
n=0

—In{z—i[+2n—(—1)"b]}.
Summation of the series is obtained after derivation of

the above expression in which we recognize the expansion
[13]
chkn/2 1 (1 2k 2k _ 2k N >
6> +k*
that appears a first time with kK = z—ib, and the second

time with k = z+ib. Thus
() (Ch(z—ib)n/2 ch(z+ib)n/2>

shkn ~—=n

- +
k 222 4242

dz~  2x\ sh(z—ib)n  sh(z+ib)n
and
0 [thz—ib)m/4
0G) = =5, In <th(z+ib)n/4>' ®

The temperature distribution 7(x, y) is the real part of
the above expression. The isothermal lines have been
drawn in Fig. 2 for three different values of b.

Since we are interested in thermocapillary-driven flow,
we are mainly concerned with the horizontal variations
of temperature, 07/0x, at the interface y = 1. It comes
from the definition of 6 that d7/dx is identical to the real
part of d0/dz which expresses as

or th< cos(y—b)m/2

8x_7ﬂs 2 \chnx— cosn(y—b)

cos(y+b)n/2
~ chmx— cosrc(y+b)>' ©)

The corresponding isogradient lines are drawn in Fig. 3.
When evaluated at y = 1, the above expression reduces
to

or Q . b 7mx 1

ox|, - _;SIHTSh?chnx—i— cosmh’ (19)

showing that far from the wire, at large absolute values
of x, the horizontal gradient decays exponentially like

exp(—m|x|2). But due to the factor sin(nb/2), the asymp-
totic decay is less pronounced when the wire is close to
the interface (b — 1). The variations of 0,7/, are plotted
in Fig. 4 for different positions of the wire. It is shown
that the horizontal thermal gradient reaches a maximum
value at a distance x, that is roughly equal to 1—b.
The maximum absolute value of 0. 7|, proportional to tg
(nb/2) tends to infinity as b — 1, its value being multiplied
by a factor 10 when b goes from 0.2-0.8. At a distance
x = 2d the value of 0,7, for b = 0.8 is three time larger
than its value for b = 0.2.

The asymptotic behavior of 07/0x could be quite
different with a different choice of thermal boundary
condition on the bottom plate. For instance, if the bottom
plate is insulated, the method of images generates an
infinite row of sources of equal strength Q, and the prob-
lem of finding 6(z) becomes identical to that of finding
the potential- and stream-functions due to an infinite row
of co-rotating vortices in hydrodynamics. The solution is
known for equidistant sources [13] as well as in the gen-
eral case [14] and leads to

o o shnz
dz~  2x\chnz—cosmh)

When the wire is located at mid-height (b = 1/2) the
horizontal thermal gradient takes a simple form

or o sh 2nx (1
ox 2y \ch2nx+ cos2my

and tends towards a constant value as x —» + co. There-
fore, at some distance from the wire, the temperature
becomes independent of the vertical coordinate y. When
the bottom boundary is insulating, its temperature 7,
is not controlled and cannot be used as a temperature
reference. As in many experimental situations, the fixed
temperature is Ty the temperature of the lateral walls
that confined the fluid at x = + L/d. Integration of equa-
tion (11) leads to
Y

T= Tw——ln<

ch2nx+ cos2my
4y, '

ch2nL/d+ cos2ny

In the limit L — oo, the corresponding isothermal lines
T—1T(0, 1) and the lines of isogradient are drawn in Figs
5 and 6 when the wire is located at mid-height and the
bottom plate is insulating.

4. Thermocapillary-driven flow

The temperature distribution found in the previous
section creates a steady flow that causes deformation of
the free surface which is now located at y = H(x) =
h(x)d. We shall assume that surface tension effects are
predominant when the wire is located near the free
surface. When restricted to this configuration, it has been
shown in the previous section that the horizontal vari-
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0t . . . .
-1 -0.5 0 0.5 1

Fig. 2. Isothermal lines 7— T}, in Q/4ny, units for different positions, y = b, of the wire, in the case of an adiabatic upper surface and a
conducting lower surface. Dark areas correspond to hot fluid: (a) b = 0.25, isovalues between 0 and 1.75 with step size 0.25; (b) b = 0.5,
isovalues between 0 and 4 with step size 0.25; (¢) b = 0.75, isovalues between 0 and 4 with step size 0.5.
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-1 -0.5 0 0.5 1

Fig. 3. Isogradient lines of temperature in the x-direction for different positions, y = b, of the wire, in the case of adiabatic-conducting
thermal boundaries conditions: (a) b = 0.25, isovalues between — 1 and 1 with step size 0.25; b = 0.5, isovalues between —1.2 and 1.2
with step size 0.2; (c) b = 0.75, isovalues between — 1.5 and 1.5 with step size 0.25.
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-dT/dx
1F

(a)

b=0,2

(b)

b=0,4

b=0,6

Fig. 4. Absolute value of the horizontal gradient of temperature on the free surface [normalized to unity after division by the factor
tg(nb/2)] for different positions of the wire: (a) b = 0.2, tg(nh/2) = 0.325; (b) b = 0.4, tg(nb/2) = 0.726; (c) b = 0.6, tg(nh/2) = 1.376;

(d) b = 0.8, tg(nb/2) = 3.077.

ations of the temperature evolve over distances that
exceed the thickness of fluid at rest. Thus, following the
analysis of Pimputkar and Ostrach [5] we have intro-
duced a distinct characteristic length scale, L > d, in the
x direction. When the bottom boundary is conducting, L

measures the extent of the horizontal thermal gradient.
When the bottom boundary is insulating, L is the distance
between the wire and the side walls and it can be taken
arbitrarily large. In expression (10) the non dimensional
x-variable is stretched by the transformation
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-1 -0.5

0.5 1

Fig. 5. Isothermal lines 7(x, y) — 7(0, 1) in Q/4ny, units in the case of adiabatic lower and upper surfaces, with the wire located at mid-

height. Isovalues between —2 and 2 with step size 0.25.

-1 -0.5

Fig. 6. Isogradient lines of temperature in the x-direction in the case of adiabatic lower and upper surfaces, with the wire located at

mid-height. Isovalues between —2 and 2 with step size 0.2.

x— A 'x
where 4 = d/L, is the aspect ratio. Therefore, the charac-
teristic value of the horizontal velocity component is now
Us= AU As a consequence of equation (la), the
characteristic value of the vertical component of the vel-
ocity is Vg = A Us. The pressure is decomposed in two
contributions

nUsL
P= Pa—pgd(y—h)+d—jp (12)
where P, is the atmospheric pressure at y = h(x). Equa-
tions (1a)—(1c) become

ou+ 0,0 =0 (13a)
Re A’ (udu+vdu) = —0,p—Bo Ad i+ (0,,u+ A*0,.u)
(13b)

Re A*(udv+vd,v) = —0,p+A>(0,0+A4°0,..v)  (13¢)

with the Reynolds number Re, and Bond number Bo,
defined as

Ud _ pgd’

Re = and Bo = .
nUs

We shall notice that the Bond number is sometimes
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denoted as the Galileo number. The Reynolds number
also expresses as Re = Ma/Pr and with the values of Ma
and Pr given in the previous section it comes that Re < 1
below the threshold for instability. Thus, either Stokes
approximation or thin-layer-approximation can be used
to neglect the non linear terms in equations (13b)—(13c).
The boundary conditions for the pressure and velocity
fields are

u=v=0 aty=0
ou+0,0=0
240 v—p = Ca ' A* d..h
v=udh

with the capillary number: Ca = nUs/e and where the
surface temperature ® = T'(x, i) has been introduced. It
is assumed that as 4 — 0, the parameters Re A and A4°/Ca
also tend to zero while Bo A remains fixed.

The pressure is found by solving d,p = 0, with p = 0 at
y = h, from which it results that p(x,y) = 0. Then, the
lowest order of equation (13b) yields

d,u=BoAd.h (15)

with the boundary conditions

aty=h. (14)

u=0 aty=0 and OJu+0,®=0 aty=h

(16)
The solution of equations (15) and (16) is
y2
u=2DBoA ﬁxh<7 —yh)—y 0,0.
Introducing the streamfunction i such that
u=0,y and v=—0Y
we find that
3 2 2

— Yoyl
Y =BoA 0,\<h< ) h) 5 0.0
and
o= —Boda(L T +Bo A Ah)zﬁ e

XX 6 2 X 2 2 XX

Satisfaction of v = ud.h at y = h, provides the following
relation between /(x) and @ (x):

Bod_ . , I”
0 <T oh* + 76,\@) =0.
Since d.h = 0, T=0atx=0and h =1 at x = + o0, this
can be integrated to give

30
BoA

h =1 (17)
a result originally due to Pimputkar and Ostrach [5] and
that is applied in the present case when @ is specified by
either

®— 1 (ch(nx/24) — sin(nb/2) (18)
= 7 21 M\ ch(nx/24) + sin(nb/2) 4
when the bottom plate is conducting, or by
1 chnx/A+ cosnb
®__ﬂn<chn/A+cosnb> (18b)

when the bottom plate is adiabatic.
In the conducting case, the streamfunction given by

el (Y
y= 20 (3-1)

and the deformation are shown in Fig. 7 for b = 3/4 and
two different values of Bo 4. The height of fluid at x = 0
is plotted in Fig. 8 as a function of Bo A. This picture
indicates that for Bo 4 > 20 the interfacial deformations
are weak.

From the experimental data of Ref. 4 we obtain that
the variation range of Bo A is between 100 and 800.
Applying the formulas (17) and (18a) when Bo 4 = 100
and b = 3/4, we found that the deflection above the wire is
of order 10~*d. Comparison with experiments is difficult
since in Ref. 4, interfacial deformations associated to the
primary flow have only been observed through shad-
owgraphic images of the wire but their amplitudes have
not been measured.

5. Buoyancy-driven flow

When the distance between the wire and the free sur-
face exceeds 2.5 mm, it has been reported in Ref. 3 that
larger values of the electrical power are required to de-
stabilize the base flow. Moreover, the instability pattern
consists in disordered propagating waves whereas for
lower values of dy, the waves have a well defined wave-
length. The authors argue that in that case buoyancy is
the predominant mechanism acting in the fluid, thus we
shall now examine what has changed in the base state
that could explain the different behaviors of the system
according to the values of dy.

We shall consider in this section a fluid with a constant
surface tension o,, but with a density varying with the
temperature according to the law

p=po(1—o(T—T)))

where T, is a reference temperature, for instance that
of the bottom plate, and « is the coefficient of thermal
expansion. Thus, equation (lc) in the governing equa-
tions for the steady velocity is replaced by

1
udv+v0, 0= — ;6),P+ V(0 0+ 0,,0) —g(1—aT)

where T is the temperature distribution in the fluid due
to the wire. Using the same scaling as in the previous
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1 1 1 ¥

0.8 1 1.2 1.4

Fig. 7. Streamlines ¥/(x, y) and associated deformation of the free surface /(x) in the case of a thermocapillary-driven flow, with the
wire located at b = 0.75, for two values of the Bond number: (a) Bo 4 = 10.; (b) Bo A = 20. Isovalues between 0. and —0.02 with step

size 0.002.

section and with the decomposition of the pressure, equa-
tion (12), still valid, it becomes

agQd?

Re A* : v)=—20, —T

e A*(ud.,v+v0,v) a"p+vxLUs
+A°(0,v+A4°0,0). (19)

The combination of parameters that appears in front of
T can be set equal to one by the following choice of the
characteristic value of the velocity

_ agQd’

U,
S vy L

When considering the equation (1d) for heat transfer it

comes from this scaling that the convective terms are of
the order Ra A%, with the Rayleigh number defined by

_ ogQd’
Tove

Ra

Under the experimental conditions of Ref. 4, its value
can be estimated to Ra = 30P.d’, where d is expressed in
millimeters.

At the leading order equation (19) reduces to

0,p = T(x,) (20)

and the associated boundary condition deduced from
equation (14) is: p =0 at y = h. It exists a non zero
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BoA

Fig. 8. Height of fluid at x = 0, vs Bo 4. The bottom plate is conducting and b = 3/4.

solution for the pressure that is substituted in equation
(13b) to give at the leading order

0,,u=BoAdh+ 0.p. 1)

Since the velocity scale is related to buoyancy, the Bond
number now expresses as Bo A = y/aQ. Integration of
equation (21) when considering the general expression
for T(x, y) will lead to intricate calculations. Examination
of Figs 2, 3 and 6 shows that large temperature gradients
exist around the wire and we shall now focus on the
vertical temperature profile at different values of x.
When the bottom boundary is conducting, it is shown
in Fig. 9 that the vertical dependence can be approxi-
mated by a piecewise-linear profile in three parts. In the
upper part (¢ < y < h) the temperature is assumed to be
constant and equal to the surface temperature
Og(x) = T(x,h). In the lower part the temperature
increases from zero and reaches a maximum value
Ow(x) = T(x,b) at the wire location. An intermediate
region (b < y < a) allows for the linear matching between
®g and Oy,. As the horizontal distance from the wire
increases, the difference between ® and ®,, reduces and
a vertical profile in two parts can be used (Fig. 9(b)).
When the bottom boundary is insulating, the exact
vertical temperature distribution and the approximated
linear profile are displayed for comparison in Fig. 10 for
x = 0.2. In this case the value of the temperature on the
bottom plate is also of some importance, especially when
x — 0. However, when b is small, the maximum gradients
are always located between the wire and the free surface.
Since we want to capture the essential feature of the

problem we still use a description in terms of two charac-
teristic temperatures ®g and @y which is particularly
suitable when x > 1. Indeed, at large values of x, ®¢ and
®,, nearly coincide and a flat vertical profile can be used.

The above considerations suggest that the temperature
distribution in the fluid can be represented by the super-
position of two terms

T(x,y) = Os(x)F(y) + Ow(x)G(»). (22)

The vertical temperature distributions F(y) and G(y) are
piecewise-linear profiles and G(y) need to be specified for
each type of thermal condition on the bottom boundary:
(1 whena<y<h

—b
F(y) =< y—b whenb <y <a

L0 whenO<y<b

(0 whena<y<h
% whenb <y <a
Gy =1
conducting or 1 (insulating)

S =

when 0 < y < b.

-

The choice of piecewise-linear profiles has been made in
the past to describe penetrative convection. As mentioned
by Whitehead and Chen [15] this is the simplest tem-
perature distribution to be considered when heat sources
are concentrated in the vicinity of a particular depth.
Integration of equation (20) yields for the pressure
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x=0.05
1
0.5
T(x,
T 5 (x,y)
Y x=0.6
1
0.5
T(x,
0.25 o5 LY
(a)

Y x=0.05
1
|
1
I
1 1
]
! L T(x,y)
O Ow
Y x=0.6
:
1
1
1
LT (x,y)
GS
(b)

Fig. 9. Vertical temperature profiles when the bottom plate is conducting and b = 0.25. (a) exact profiles for x = 0.05 and x = 0.6. (b)

Linear piecewise approximations for the same values of x.

(a)

(b)

Fig. 10. Vertical temperature profiles when the bottom plate is insulating and » = 0.25. (a) Exact profile for x = 0.2. (b) Linear

piecewise approximation.

P =Os(X)[F (») —h]+Ow(x)G,(») (23)
where F;(y) and G,(y) are integrals of respectively F(y)
and G(y) that allow for continuity of the pressure at
y=a and y=5b and for the boundary condition:
p(h) = 0. Substitution of the above expression in equa-
tion (21) yields

0yt =(BoA—0O(x)) 0,.h+F,(y) 0,05 +G,(y) 0,Ow.

After integrating twice the above equation and using
successively the stress free conditiond,u =0 at y =,

and the boundary condition u = 0 at y = 0, one gets an
expression for u that has not been reported here. Then,
satisfaction of the flux conservation condition

h
Judy=0
0

leads to

3

h
0 Og+ptp 0,0y —(Bo 4 _QS)?axh =0 (24)
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where the expressions of the two coefficients u; and u,
are given in the Appendix in terms of a, b and /. Since
h>a>b, it can be shown that g, and u, are always
positive. Moreover, u, and u, that behave like A* are
rewritten p, = h*f, and p, = h*ft,. The new coefficients f,
and I, now express in terms of the ratios a/h and b/h that
will be approximated by their values for 4 = 1. It comes
from equations (9) and (10) that 0,0y =(1+4) 0,0
where 4 is a function of the x variable, being equal to
Alx) = %(1 + cos h)[sh(nx/2)] 2. The quantity 4 diverges
close to the wire location (x — 0) and tends to zero for
large values of x. To avoid divergence problems when
integrating equation (24) we shall consider 4 as a
constant, its value being estimated at an intermediate
value of x < 1. For instance, if x=5=1/4 we get
/A =15.25. This leads to the relation between the defor-
mation and the surface temperature distribution

h= <1 ©s >_“ (25)

T BoA

where pu = 3[f1, + (1 4+ A)f1] is positive. It is shown in the
Appendix that the order of magnitude of the leading
term in fi, is 0.12, while fi, is smaller and vanishes when
a = b= 0. Provided that ®/Bo A remains small to pre-
vent i from going to infinity, this relation shows that
the deformation above the wire corresponds to a bump
(h > 1) contrary to what happens when thermocapillary
effects are dominant.

The order of magnitude of the deformation has been
estimated when the position of the wire is located at
b = 1/4 from the bottom conducting boundary. Taking
a = 2b, which corresponds to the vertical temperature
profile depicted in Fig. 9, yields i, = 0.12, i, = 8 x 1073
and consequently y = 0.5. From the experimental data
of Ref. 4 we obtain that the variation range of Bo 4 is
between 10 and 50. Thus, applying formula (25) when
Bo A = 25 leads to a deformation above the wire of the
order 3 x 107°d, which is slightly larger than the defor-
mation in the opposite direction due to purely ther-
mocapillary effects (Section 4). This order of magnitude
is compatible with the through-to-crest elevation differ-
ences Kayser and Berg [9] found in the range 0-100 gm.

6. Buoyant-thermocapillary flow

When thermocapillary and buoyancy effects are acting
simultaneously, the velocity scale in equation (19) is kept
equal to Us = Maxk/L which is the same choice as in
Section 4. Therefore, the factor in front of T in this
equation is the ratio of the Rayleigh number to the Mar-
angoni number and equation (20) is now replaced by

Ra

T(
Ma (x, )

l —
(/)'p -

which is solved by assuming for 7(x,y) the same
decomposition as in equation (22) of Section 5. Thus,
introducing the notation W = Ra/Ma, the pressure is
deduced from expression (23) which has to be multiplied
by W in the present case. Once p is known, equation (21)
for u becomes

0, = [Bo A—WOs(x)] 0.1

+WIF\(») 0,05+ G, (y) 0,0w]
that is solved with the boundary conditions
u(0) =0, anddu+0,05=0, aty=nh.
The calculations which are very similar to those per-
formed in the two previous sections have not been

repeated here. Applying the flux conservation condition
lead to the relation

w. 714 We\
2_ 7T _ T _
h* = W +<1 W><1 BoA) (26)

where we have introduced the notation Wy =(3/2u). The
parameter u has the same meaning as in the previous
section and thus Wi takes different values according to
the position of the wire and the thermal condition on the
bottom plate.

Considering that (W/Bo A) = a(Q/x) is a small quan-
tity, it will be used as an expansion parameter in the
right-hand-side of equation (26). At the leading order,
we get the result

PR L (1 W). 27)

T BoA\" Wy

Thus, W > Wy implies that 4 > 1 while W < Wy implies
that h < 1. At W = W, the opposite actions of thermo-
capillarity and buoyancy tend to restore a flat interface.
Moreover, expression (27) allows to recover the results
obtained in the previous sections for the limiting cases
W = 0 [equation (17)] and W > 1 [equation (25)].

7. Conclusions

We have developed a simple model to describe the flow
induced by a hot wire located under the free surface of a
liquid. Restriction to diffusive heat transport enabled us
to solve separately for the temperature distribution and
afterwards for the streamfunction and the deformation
of the free surface. The temperature distribution was
found by applying the method of images while con-
sidering the fluid at rest and a plane free surface. Then,
the thin-layer approximation was used to derive the
streamfunction and the position of the free surface. We
have considered two different driving mechanisms for the
liquid motion. In Section 4, where only thermocapillary
effects are taken into account, it is found that the free
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surface just above the wire deflects to a concave surface
as it was also the case in Refs [6] and [7] that considered
different heat sources. In Section 5, where buoyancy
effects are responsible for fluid motion it is found that
the free surface just above the wire deflects to a convex
surface. A comparison ought to be made with what hap-
pens in fluid layers heated from below when Rayleigh—
Bénard or Bénard—Marangoni instabilities arise. It is
known that above onset, the convective cells arrange in
an hexagonal planform with the interfacial shape above
ascending flow being elevated or depressed whether the
driving mechanism is thermocapillarity or buoyancy. We
have shown that this conclusion remains true even when
the initial thermal gradient has an horizontal component.
The case where thermocapillarity and buoyancy are act-
ing simultaneously is treated in Section 6. It is shown that
the shape of the free surface depends on the ratio W of
Marangoni number to Rayleigh number.

Our results agree with previous findings obtained by
Kayser and Berg [9] when considering the interfacial
shape of a liquid layer heated from below by a straight
wire (b = 0). However, the mathematical model studied
in Ref. [9] suffers some limitations. In particular, the rate
of energy supply from the line source is modeled by a
constant term in the thermal energy equation and rep-
resents a heat production uniformly distributed over the
volume of liquid. Moreover, the heating rate used in their
numerical calculations was very small to avoid problems
of stability and convergence.

Another limitation that prevents the use of full numeri-
cal simulations for thermally driven flows are the diffi-
culties to resolve the small length scales, which explains
the growing interest for theoretical models to understand
the dynamics of the flow in corner regions [16]. Until now,
numerical simulations of thermocapillary flows have been
performed for values of the Prandtl number barely
exceeding Pr = 7in extended geometry [17] and Pr = 100
in a square cavity [16]. Moreover, a closed-form solution
for the primary flow is sometimes a good starting point
for analyzing its stability toward three dimensional dis-
turbances as it has been done by Vrane and Smith [18]
for an annular geometry. When solving for the dis-
turbances and after having neglected inertial and con-
vective terms, these authors only found steady solutions.
In the set of experiments performed with a long wire [3,
4], the primary flow always becomes unstable toward
traveling waves propagating in the direction of the wire.
This behavior is different from what has been observed
when the flow is driven by a pure horizontal thermal
gradient [19]. In this latter case and depending on the
height of fluid, the unstable patterns are either stationary
longitudinal rolls or oblique waves propagating in a
direction nearly perpendicular to that of the thermal
gradient. A model based on a plane flow approximation
has been able to reproduce these two typical behaviors
[20]. In presence of a wire, the primary flow is two-

dimensional and interfacial deformations above the wire
are detected in the experiments through shadowgraphic
pictures but the magnitude of these deformations along
the x-direction has not yet been measured. It is only
above the threshold for instability that the amplitude of
the deformations along the y-direction is known.

We suspect that the interfacial deformations associated
to the primary flow may influence the spatio-temporal
behaviors of the unstable modes. However, more exper-
imental results are needed, in particular to confirm our
predictions as to the shape of the interface above the wire
when either surface tension effects or buoyancy effects
are driving the flow. The thin layer approximation is also
questionable, being more or less satisfied according to
the position of the wire and the thermal condition on the
bottom plate. Since the Reynolds number is small in
the experimental conditions of Ref. [3] a forthcoming
improvement of our model will be to relax the additional
simplification 4 — 0 and to use Stokes approximation to
derive a solution for the thermally driven flow.

Appendix

The coefficients p;, and p, result from the flux con-
servation condition. They appear as the sum of three
contributions respectively proportional to (h—a),
0 =a—band b:

h— 5
f o= 3 4 {(hz—az)(h—ka)—k g(b2+2ab+3a2)}

+ % {h[3(h—a)(a+b) +8(a+2b)]+ ?—0}

2

b
+ 5 20 =b) + 1 — ],

The above expression reduces to u, =(h*/8) when
a=b =0, which corresponds to a flat vertical tem-
perature profile valid away from the wire when the bot-
tom boundary is insulating. When the bottom boundary
is conducting and a=5b=1/4, u, takes the value
0.12254*.

In the case of a conducting bottom boundary:

e N o 2
po =5, (h—a)la”+ab+b7]

9

20 (4a’ +8a’b+2ab*> + b?)

+
b2
(1”2 1 2 .
+ 120(b +10a%)

When a = b = 1/4, the above coeflicient takes the par-
ticular value u, = 1.8 x 1073,
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In the case of an insulating bottom boundary:

1
U = ﬁ(h—a)(a3 +a*b+ab*+b)

2

5 3 2 1 2 3 3 b_ 2
+30<a +2a%b+ 5 ab + 367 |+ o (66 +5ad).
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